I describe a bi-connection formalism of General relativity based on the dual role of the Weitzenböck connection defining the parallelism at a distance and the concomitant Levi-Civita connection derived from the Riemannian metric. A more explicit tensor writing of the geodesic and loxodromic equations clarifies their joint meaning.
Introduction
Given n linear independent linear forms, Cartan's geometry of linear connections includes as particular cases the so called Weitzenböck connection and the Levi-Civita connection. The usual formalism of General relativity uses only the Levi-Civita connection derived from a Riemannian metric. But now and then Weitzenböck's-like formalisms are used, [2] , either as alternative descriptions of General relativity or to fulfiill some other purposes. In this paper I support the idea that a Weitzenböck like formalism should be introduced first, and the corresponding Riemannian formalism derived from it afterwards. And also that the two formalisms are not different optional descriptions of the same theory but have to be used concomitantly to make sense of the physics. I stress in particular the fact that the tensor defined by the difference of the two connections, named the Contortion, has an intrinsic meaning that strongly clarifies the meaning of the geodesy and loxodromy equations.
I propose potentially new Field equations for vacuum that are a particular class of equations first considered by Einstein, [3] , pursuing other objectives. My choice has been dictated by the condition that the new formalism at the linear approximation be the same as that of General relativity at the same approximation.
Generalities about Linear connections
General Cartan connections 1 Let V n be a differential manifold of dimension n and let D n and D ′ n be two intersecting domains of V n , with local coordinates x α and x α ′ , with Greek indices running from 1 to n. A Linear connection on V n is a field of 1-forms of type (1,1):
such that at any point of the intersection of any two domains one has:
with:
where:
define the coordinate transformation. The covariant derivatives of a function f and a covariant vector field v α are by definition:
from where, using Leibniz rule to calculate derivatives of tensor products, follows the general formula to define the covariant derivative of any tensor. The Curvature of the linear connection ω α β is the 2-form of type (1, 1) :
1 From Chap. IV of [1] and the Torsion is the vector-valued 2-form:
From these definitions and from the fact that d 2 = 0, d being the exterior differentiation operator, there follow the following identities:
where [.||..] is here the three indices complete anti-symmetrization operator. And:
The last general definition that I shall need to mention is that of an autoparallel, which is any parameterized curve x α (λ) solution of the differential equations:
where the function a in the r-h-s depends on the parameter λ. If it is zero the parameter is said to be an affine parameter.
Weitzenböck connections
From now on I shall use also enumeration dotted Greek indicesρ,σ, .. running from 1 to n. ρ andρ can be contracted. For example: δρ ρ = n.
Let θρ α be n linearly independent 1-forms, e β σ being its dual contravariant vector fields:
A Weitzenböck connection Γ λ βγ associated with θρ α is defined as the connection that leads to the covariant derivative with symbol ∇ such that:
and therefore we have :
The most significant property of Weitzenböck connections is that their curvature tensor is zero:
On the other hand its torsion is:
And taking into account (16) the identities (11) become:
The auto-parallels, referred to an affine parameter, are now the solutions of:
and should be better called loxodromy trajectories.
Levi-Civita connections
Let g αβ (x) be a Riemannian metric of any signature defined on V n .
The Levi-Civita connection with Christoffel symbolsΓ ρ αβ associated with this metric define the connection which has the following two properties:
This leads to an unique symmetric connection with symbols:
The Riemann tensor is the curvature tensor defined in (7) with the corresponding general connection being substituted by the Christoffel symbols above. If it is zero then the metric g αβ can be reduced by a coordinate transformation to a matrix of constants η αβ .
With the corresponding substitution we obtain the auto-parallels of a Levi-Civita connection:
now being called the geodesics of the metric. In this case affine parameters are proportional to the proper length of the curve when this length is not zero.
Connecting connections
Let us consider any diagonal matrix whose elements ηρσ are 1 or −1, the corresponding quadratic form having arbitrary signature.
To such matrix and any field of n 1-forms θρ α , as we considered before, it can be associated a Riemannian metric:
that has the same signature as η ab . When referring to this formula I shall say that θρ α is an orthogonal decomposition of g αβ and, the other way around, I shall say that g αβ is the metric derived from θρ α . Equivalent orthogonal decompositions:
are related by point dependent frame transformations:
such that:
modulo a permutation of the enumeration indices. Let us consider the two connections: the Weitzenböck connection Γ α βγ associated with θσ α and the Levi-Civita connectionΓ α βγ corresponding to the Riemannian metric defined in (25). We have:
The first is part of the definition (21), and using (25) a short calculation proves the second. They share also a second property, namely:
where η α 1 ···αn is the volume element associated with the Riemannian metric (25) Let us consider now the geodesic equations (24) and the auto-parallel equations (19). Although these are tensor equations neither the kinetic term nor the connection dependent terms are tensors, this meaning that none of these terms have any intrinsic meaning by themselves.
Let us write the geodesic equations (24) in the obviously equivalent form:
is the so-called Contortion tensor of the two connections. Define: uρ = θρ α u α . The geodesic equations become:
Noteworthy is the fact that in these equations d/dτ is an intrinsic tensor derivative and the right-hand term of (33) is an intrinsic force field. Similarly defining vρ = θρ α v α the equation of the loxodromic trajectories (19) of a Weitzenböck connection become:
that defines what is meant by parallel transport at a distance. With this we succeed in giving an intrinsic tensor meaning to the geodesic equations of the Levi-Civita connection as well as to the auto-parallels of the Weitzenböck connection. But it remains a fundamental indetermination due to the fact that given the n linear forms θρ α there is only one corresponding Riemannian metric while the Weitzenböck connection is defined only up to an event dependent orthogonal transformation (27). I deal with this problem in the next section.
Field equations (n=4)
With 4 linear forms θρ α and ηρσ being the Minkowski metric, the formula (25) determines the metric g αβ 2 . If instead the metric is known there are many compatible orthogonal decompositions. Any particular choice could be replaced by an event-dependent Lorentz transformation. But from now on I assume that only global Lorentz symmetry is accepted, this meaning that:
and therefore everything that make sense, including (33) and (34), is unambiguously determined.
The linear approximation
Let us examine carefully the problem at the linear approximation assuming that:
and let us define the symmetric and anti-symmetric perturbations:
so that:
The corresponding symmetric metric is then:
but a new field has to be considered, defined by the antisymmetric part f − αβ , reminiscent of Einstein's latest theory ([1]) 3 . A gage transformation:
induces the gage transformations:
2 A starting point that could lead to a generalization of General relativity briefly considered by Einstein (Sauer, ([3] ))
3 Also: Albert Einstein,Oeuvres choisies,Seuil/CNRS, 1993)
No linear combination of ∂ α f + βγ with the three cyclic indices exists that is gage invariant. In particular the gage transformation of the Christoffel symbols of the first kind is:
The first gage invariant object that we encounter is the linear approximation of the Riemann tensor:
or its contraction with η αλ :
On the other hand the object with components:
is gage invariant. This suggests to consider a gage invariant generalization of the linear approximation of General relativity based on these two objects (43) and (45). The challenge consists in choosing field equations compatible with Einstein's familiar theory as a particular case.
I proposed already a solution to this problem in a preceding paper [10] . It consists in deriving the field equations from the Lagrangian:
It leads to the field equations:
tρ β being the canonical energy-momentum tensor of the field source.
Lowering the dot indices as in (37) and separating the symmetric and anti-symmetric parts, we get two sets of vacuum field equations:
A short calculation proves that:
and:
Elementary vacuum solutions
Non zero components of the linear approximation of the Schwarzschild solution:
Non zero components of an anti-symmetric solution:
A generalization of General relativity?
Let us consider the following Lagrangian:
where g αβ is given by (25) and the field components are (47). Let us consider also the field equations:
and∇ is the Levi-Civita connection symbol corresponding to the metric g αβ At any particular event x α 0 we can choose a coordinate system so that:
which implies that at the first order of approximation at any particular event x 0 the Lagrangian above becomes identical with (46), and the Field equations above become identical with (48).
Notice that obtaining a solution of (56) means to get at once the metric, the Levi-Civita and the Weitzenböck connections. The local Lorentz invariance of the metric has been broken by (35) but the gage local symmetry of the Field variables (47) has been conserved.
A second possibility is to consider the following Lagrangian:
where now T γ αβ is the torsion tensor (17) of the Weitzenböck connection. Now the local gage symmetry
still present in (55), is gone also. In my opinion these considerations justify considering a theory based on the Lagrangian2 and Lagrangian3 above a promising generalization of General relativity. As I mentioned already, Einstein tried twice to go beyond General relativity motivated by his desire to unify gravitation and electromagnetism. The theory that I am proposing here faces a different challenge: to prove that gravitation is more than what General relativity tell us now that it is. Already, at the linear approximation, new features are puzzling: the possibility of an helicity 0 of the graviton ( [10] ), and the existence of other solutions with f − αβ = 0. General relativity, despite some marginal extravaganza, is a rightly glorified theory. And yet it is amazing to realize how many fine points remain to be understood.
